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'en : 

T-H ■ Abstract 

O' 

CNJ I We give a concise formal definition of an extremely compact encoding for A- 

^ ' terms straight into the calculus for interaction nets. Reduction on configurations 

in the resulting interaction system implements /3-reduction. We achieve balance 

between the minimal set of symbols, the minimal net to represent a term, and 

^^ ■ reasonable efficiency. We also discuss a directed version of the system and its 

possible implementation using the approach of blind graph rewriting as well as a 

'~~^', hypothetical model based on the suggested encoding for the equational theory of 

w ■ the pure untyped extensional A-calculus. 

h- j ! 

L^; 1 Introduction 

^ I There are two extreme ways to encode A-terms [Ij into interaction nets [2]. They pursue 

O I conflicting goals. The original optimal one by Lamping [3] implements /3-reduction of 

^ ■ A-terms the asymptotically most efficient way. The other one |1] represents A-terms in 

CN ■ an interaction system with the minimal set of symbols, namely the set of interaction 

■^ . combinators [Sj. (In fact, there exists a universal interaction system by Bechet |6| with 

~^ ! only two agents instead of three, but its interaction rules appear to be too complicated.) 

T-H I However, both encodings have their own downsides. The set of symbols used by Lamping's 

^ ■ encoding is practically infinite due to the use of integer labels for agents. The encoding 

in interaction combinators in turn appears not to be optimal by Levy. Besides, both 

Vh ■ encodings involve some overhead to represent a A-term. 

- -' First, we present a compact representation of A-terms pursuing balance between the 

minimal set of symbols and efficiency of implementation. To define our encoding in a 

more concise and formal way, we will use the calculus for interaction nets [7] rather than 

graphical representation. Namely, A-terms will be mapped into configurations. 

Second, we construct a directed version of the resulting interaction system similar to 
that of directed combinators [5] . Then, we consider a hypothetical effective model for the 
equational theory \Kj3r] based on the directed encoding. Finally, we discuss a possible 
implementation of the directed encoding using the approach of blind graph rewriting |8] . 
The non-directed version of our encoding for A-terms is less preferred for implementation 
in blind graph rewriting due to an extreme cost of pattern matching in blind graph 
rewriting which by definition lacks an explicit branching operation if-then-else. 
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2 Encoding A-terms 

We work in interaction calculus [7]. 

Let A, ilJ,6,ee S, Ar(A) = Ar(V') = Ar{5) = 2, and Ar(e) = 0. 
For any a G E, f3 E {ip, S}, a 7^ /?, and Ar(Q;) = n, we assume 

a[xi, . . .,x„] M a[xi, . . .,Xn]; 
a[5{xi, yi), . . . , 6{xn, Vn)] x^ /3[a{xi, ..., Xn),a{yi, ..., y„)]; 
a[e, . . . , e] ixi e. 

Any A-terni M [Ij can be mapped into a configuration {x \ r{M,x)) as follows: 

r{y,x) = {x = y}; 
r{Xy.M, x) = {x = A(e, z)} U r{M, z), when y ^ FV(M); 
r{Xy.M, x) = {x = X{y, z)} U r{M, z), when y G FV(M); 

r{M N,x) = {y = Xiz,x),h=ij{t[,t';),...,tr, = ^{CC)}uriM',y)ur{N',z), 
where 

{ti,...,t„} = FV(M)nFV(A^); 

M' = M[h:=t[]...[tn:=Q; 

One may check that the normal form of the configuration representing a A-term will 
correspond to the /3-normal form of the term if any. So, we have implemented XK/3 
system in interaction calculus and therefore in interaction nets, too. 

3 A directed version of the encoding 

The above encoding has balance between the minimal set of symbols, the minimal net to 
represent a term, and efficiency of the reduction implementation. It has completely no 
overhead to represent applications, abstractions, and sharing. Besides, we can see that 
the interaction rules have unified form similar to those for directed combinators [5] . 

Directed combinators have some advantages over the usual interaction combinators 
from the viewpoint of software implementation. Specifically, an interaction rule is easier to 
choose in that system, because the active pairs of directed combinators can be represented 
as ordered pairs, unhke unordered active pairs in usual interaction systems. 

In [5], interaction combinators are represented using directed combinators with two 
directed combinators per each interaction combinator. However, the directed version of 
our interaction system can be constructed without doubling the agents to encode A-terms. 
Instead, we use a different technique to preserve polarity between the ports of agents. 
Namely, let U = {X, X*,S,6*,ilj,ip*}, \/a E U : Ar(Q;) = 2, and the set TZ of interaction 
rules have the following nine elements: 

X[a,b]\xi X*[a,b], 6[a,b] ix 6*[a,b], V^[a, 6] ixi ?/)*[a, 6]; 

X[6{a, b),6*{c, d)] tx 6*[X{a, c), X{b, d)], X[S{a, b),6*{c, d)] tx ij*[X{a, c), X{b, d)]; 

6[X*{a, b), A*(c, d)] tx X*[6*{a, c), 6{b, d)], ^p[X*{a, b), A*(c, d)] tx X*[6*{a, c),6{b, d)]; 

ij[6*{a, b),S*{c, d)] tx 5*[ilj{a, c), V^(&, d)], 6[ip*{a, 6), V^*(c, d)] tx ip*[6{a, c), 6{b, d)]. 



We omit the erasing agent e which only performs garbage collection in disconnected nets. 
One can notice duality between the agents X,6,ip and X*,S*,ip*, respectively. That 
is why we produce two dual encodings for an arbitrary A-term, namely configurations 
{x I r{M,x)) and {x \ r*{M,x)), where the F and F* mappings are defined as follows: 

F{y, x) = F*{y, x) = {x = y}; 

F{\y.M, x) = {x = Xiy, z)} U FiM, z); 
F*{\y.M, x) = {x = X*iy, z)} U F*{M, z); 

F{M N,x) = {y = X*iz,x),t,=r{t'i,t';),...,t^ = r{t'n,€)}^nM',y)UF{N',z), 
F*{M N,x) = {y = Xiz,x),h = i;{t[,t';),...,tn = iP{CO}UF*iM',y)UF*{N',z), 

where 

{ti,...,t„} = FV(M)nFV(iV); 

M' = M[t,:=t[]...[t„,:=Q; 
N' = N[t,:=t';]...[t^:=C]. 

These two dual encodings were found through the following observation: when using 
unordered representation of A-terms, the orientation of all application and sharing agents 
with respect to abstraction agents is preserved during evaluation. 

4 Hypothesis: an extensional model 

There is a notion of so-called observational equivalence between interaction nets; see [9J 
and [lOj . Two nets are considered bisimilar or observationally equal if they produce the 
same results in any computable context. In a way, observational equivalence corresponds 
to extensionality in A-calculus. In extensional A-calculus, /^-reduction is extended to 
/3?7- reduction. One may wonder how to implement ?7-reduction in interaction nets. 

In order to check bisimilarity of two nets, we can carry out experiments, connecting 
their interfaces sequentially to the interfaces of different nets and then evaluating them. 
If all the possible experiments produce the same results, the nets are called bisimilar. As 
they cannot be distinguished by any experiment, they can naturally be considered equal. 

In our encoding, 77-redexes are represented a.s {x,y \ x = X{a,b),y = X*{a,b)) which 
may be checked to be observationally equal to {x,x \ 0). Now, let us consider a net 
c = (0 I F{M, x)UF*{N, x)) for some combinators M and A^, i. e. FV(M) = FV(A^) = 0. 
If M and A^ have the same /^r^-normal form, then, according to the rules of our interaction 
system, all the agents in c annihilate, thus c I {0 \ xi = xi, . . . , Xn = Xn) for some n > 1. 

On the other hand, if M and A^ have different /3?7-normal forms M' and A', then 
at some point of evaluation (0 | F{M',x) U F*{N',x)) one of six duplication rules will 
eventually take place. Many experiments have shown that extensionally different terms 
either produce infinite reduction sequence starting from c, or produce a net without active 
pairs, but still with some agents remaining. 

This leads us to the following hypothesis: c J, (0 | xi = xi, . . . , x„ = Xn) for some 
n > 1 if and only if XKfirj \- M = N . If this hypothesis holds true, we have an effective 
model of the equational theory XK(3r] testing two encoded terms with each other. 



5 Blind graph rewriting implementation 

We are especially interested in implementing the directed version of our interaction system 
using the approach of blind graph rewriting ^. For instance, it can be done by using 
four spaghetti stacks in the heap, each stack containing ordered pairs of nodes. One 
stack is dedicated to active pairs whose interaction rule is duplication. The second stack 
is meant for annihilating agents. Two more stacks will represent equations reducible by 
indirection rule by left and right hand side, respectively. 

Having these four stacks, the interaction and indirection rules can be implemented in 
blind graph rewriting in the obvious way. The only part which is not trivial is how to 
choose a stack for a new active pair. The latter is supposed to be achieved by if-then-else 
operation implemented in the blind graph rewriting system as described in |8]. 
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